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Abstract 

Dyson's Brownian motion model with the parameter f3 = 2, which we simply 
call the Dyson model in the present paper, is realized as an /i-transform of the 
absorbing Brownian motion in a Weyl chamber of type A. Depending on initial 
configuration of the Dyson model with a finite number of particles, we define a set 
of entire functions and introduce a martingale for a system of independent complex 
Brownian motions (CBMs), which is expressed by a determinant of a matrix with 
elements given by the conformal transformations of CBMs by the entire functions. 
We prove that the Dyson model can be represented by the system of independent 
CBMs weighted by this determinantal martingale. From this CBM representation, 
the Eynard-Mehta-type correlation kernel is derived and the Dyson model is shown 
to be determinantal. The CBM representation is a useful extension of /i-transform, 
since it works also for infinite particle systems. Using this representation, we prove 
the tightness of a series of processes, which converges to the Dyson model with an 
infinite number of particles, and the noncolliding property of the limit process. 
AMS 2000 Subject classifications: 60J70, 60G44, 82C22, 32A15, 15A52 
Keywords: the Dyson model, /i-transform, complex Brownian motions, entire func- 
tions, conformal martingales, determinantal process, tightness, noncolliding prop- 
erty 



1 Introduction and Results 

Dyson's Brownian motion model is a one-parameter family of the systems of one-dimensional 
Brownian motions with long-ranged repulsive interactions, whose strength is represented 
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by a parameter ft > 0. The system solves the following stochastic differential equations 
(SDEs), 

dXtf) = dBi(t) + ^ J2 x-(t)-X-(tY 1 - i ~ n > ( L1 ) 

where _Bj(t)'s are independent one-dimensional standard Brownian motions [3, 19]. In the 
present paper we consider the case with ft = 2, since in this special case the system is 
realized by the following three processes [9, 10], 

(i) the process of eigenvalues of Hermitian matrix- valued diffusion process in the Gaus- 
sian unitary ensemble (GUE) [3, 16, 5], 

(ii) the system of one-dimensional Brownian motions conditioned never to collide with 
each other [6], 

(iii) the harmonic transform of the absorbing Brownian motion in a Weyl chamber of 
type A n _! [6], = {x G R n : x\ < x 2 < ■ ■ ■ < x n }, with a harmonic function 
given by the Vandermonde determinant 

h(x)= J] fo-*i)=det [xf 1 ]- (1.2) 

l<i<j<n 

In a sense, the case with ft — 2 plays the role in the one-parameter family of interacting 
particle systems (1.1), which is similar to the role of the three-dimensional Bessel process 
playing in the family of <i-dimensional Bessel processes with a parameter d [14]. We call 
the case with ft — 2 of Dyson's Brownian motion model simply the Dyson model in this 
paper. 

Let 971 be the space of nonnegative integer-valued Radon measures on R, which is 
a Polish space with the vague topology. Any element £ of 97T can be represented as 
£(•) = Xliei^i(') w ith a countable index set I and a sequence of points in R, x — (xj)j e n 
satisfying £,(K) = : Xi G K} < oo for any compact subset K C R. In this paper the 
cardinality of a finite set S is denoted by (jS*. We call an element £ of 97t an unlabeled 
configuration, and a sequence x a labeled configuration. We write the restriction of 
configuration in A C R as (£flA)(-) = X) ieI . x . gj4 a sm ^ °f configuration by w G R as 

j 6 i &£;+«(•)> an d a square of configuration as £^(-) — £iei^E?(")) respectively. 
The set of 97t-valued continuous functions defined on [0, oo) is denoted by C([0, oo) — > 971), 
which has the topology of uniform convergence on any compact sets. For £ G 97T with 
£(R) G N = {1,2,...}, we introduce a one-parameter family of entire functions of z G C 
[15] parameterized by u G C, {^(z) : u G C}, in which 

•?«= n i 1 -— ) M 

xGsupp £n{u} c N ' 
with supp ( = {i G I : £({ x }) > 0}- The zero set of the function (1.3) is supp £ fl {u} c . 
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With the SDEs (1.1), we consider the diffusion process H(£) = X^ei^W m ^ an< ^ 

£ ieI 6 X . eWl is denoted by (S(£), P f ). We 



the process under the initial configuration £ 
write the expectation with respect to P^ as E^. We introduce a filtration {J r (t)} ie [o i00 ) on 
the space C([0,oo) ->■ Wl) defined by F(t) = cr(S(s),s G [0,£]). Let C (R) be the set of 
all continuous real-valued functions with compact supports. For any integer M G N, a 
sequence of times t = (£1, £2, • • • , £iw) with < £1 < ■ • • < tu < T < 00, and a sequence of 
functions / = (/ tl , / <2 , . . . , / tM ) G Co(R) M , the moment generating function of multitime 
distribution of (S(£),P^) is defined by 



(1.4) 



We put M = {£ G OJI : £({2;}) < 1 for any x G R}. Since any element £ of 9Jt is 
determined uniquely by its support, it is identified with a countable subset {xi}i e i of R. 

For a finite index set I and t> = (i>i)iei, i>i G R, let Zi(t),t > 0, 2 G I be a sequence of 
independent complex Brownian motions (CBMs) on a probability space (f2, J 7 , P^) with 
Zi(0) = Vi,i G I. We write the expectation with respect to P v as E v . The real part 
and the imaginary part of Z^t) are denoted by Vi(t) = ReZ^t) and Wi(t) = ImZ^t), 
respectively, i G I, which are independent one-dimensional standard Brownian motions. 
For any sequences (w^igi and x G R, if we set £ = Ylisi $ 



$t(Zi 



•)), i el are independent conformal local martingales, 



since $| is an entire function. Each of them is a time change of a CBM [18]. 
A key observation for the present study is that the equality 



(1.5) 



det 

i<i,j<m) 



det 

i<i,j<m) 



n 



Uk - Zj 
.U k -Ui 



/l(«) 



;i.6) 



holds for any £ = Ef=T ^ with £(R) G N, u = ( Ul ,...,u m ) G W* (R) and z = 
(zi, • • • , ^(r)) G C^ M ). It implies that from a harmonic function /i(z) given by (1.2), 
we have a martingale for a system of independent CBMs {Zi(-) : 1 < % < £(R)} in the 
determinantal form, deti<ij<^(^[^ i (Zj(-))]. 

Let l(u>) be the indicator function of a condition w; l(cu) = 1 if ui is satisfied and 
l(w) = otherwise, and I p = {1, 2, . . . ,p} for p G N. The main theorem of the present 
paper is the following. 

Theorem 1.1 Suppose that £ = J2t=i K e wito £(R) G N. Let < £ < T < 00. 

For any J 7 (t) -measurable bounded function F we have 



Et [F(S(.))] =E. 



V5(0 



det 

l<i,j<?(K) 



$-(Z,(T)) 



;i-7) 
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In particular, the moment generating function (1-4) is given by 



*?[/] = £ E 1 U j » =i p 

P=0 Ji,J 2 ,-,JmCI p ^m=l ' JW P 



Jtm(-) - \ ; I < m < M . 



M 



Tf II XtjV jm (t m )) det *?(Z,-(T)) 



1.8) 



We call the above results the complex Brownian motion ( CBM) representations of the 
Dyson model. In order to show the simplest application of this representation, we consider 
the density function at a single time for (S(t),P^) denoted by p^(t,x). It is defined as a 
continuous function of x G R for < t < T such that for any x G C ( 



x(x)E(t,dx) 



dxx(x)pt(t,x). 



(1.9) 



Since E v [^(Zj(T))] = E v [^(^(0))] = $^) = by (1.3) and (1.5), the equality 
(1.7) gives the following expression for (1.9) 



/ 

Jr 



Z(dv)E v [ X (V(t))mZ(t)) 

£(dv) / dxp ,t{v,x) 
Jr ii 



dwpo tt (0, w)x{x)$ v Jx + y/-lw), 



where p 8 , t (x,y) = e -(y-») 2 /2(*-*)/ ^J2n{t - s), < s < t,x,y G R, since 1/(0) = ReZ(O) 
f G supp £ and W(0) = ImZ(O) = 0. Then, if we define the function 
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Gs,t{x,y)= I £(dv)p 0:S (v,x) I dw p j(0,w)<S>l(y + V-lw) 
Jr Jr 

for (x,y) G R 2 , (s,t) G (0,T) 2 , we obtain the expression for the density function 

Pt(t, x) = g t>t (x, x), xeR, < t < T 

for any initial configuration £ G VJIq. 

The above calculation will be fully generalized and the following formula can be derived 
from our CBM representations. 



Corollary 1.2 Suppose that £ G Wl with £(R) G N. let 

K^(s,x;t,y) = G s ,t{ x iV) ~ > t)pt, a (y,x). 



(1.11) 



TTien £/ie moment generating function (1.8) for the multitime distribution is given by a 
Fredholm determinant 



q?*[f] = Det 

(s,t)e{ti,t 2 ,-,t M } 2 , 



S 8 My) + ^(.s,x;t,y)xt(y)]. (1-12) 
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By definition of Fredholm determinant (see, for example, [5]) the moment generating 
function (1.12) can be expanded with respect to Xt m (-), I < m < M, as 



**[/]= E ,. r 

N m >0, J Um=l W N m m=l 
l<m<M 



U{ dx NlUxt m {4 m) ) (1.13) 

71=1 I 1=1 J 



with 



Pi 



x 



(i). 



, <<M, Nm J 



det 

l<i<N m ,l<j<N n , 
Km,n<M 



Jm), (n)^ 
mi t v ni -^j j 



(1.14) 



where cc^ denotes 



(m) 



) and dx%£ = nS <foi mJ . 1 < ^ < M. The functions 
pg's are multitime correlation functions, and ^[f] can be regarded as a generating func- 
tion of them. The function K% given by (1.11) with (1.10) is thus called the correlation 
kernel [12]. In general, when the moment generating function for the multitime distribu- 
tion is given by a Fredholm determinant, the process is said to be determinantal [10, 12]. 
The results by Eynard and Mehta reported in [4] for a multi-layer matrix model can be 
regarded as the theorem that the Dyson model is determinantal for the special initial 
configuration £ = £(M)5 , i.e., all particles are put at the origin, for any £(R) G N. The 
correlation kernel is expressed by using the Hermite orthogonal polynomials [17]. The 
present authors proved that, for any fixed initial configuration £ G 9Jt with £(M) G N, the 
Dyson model (H(t),P^) is determinantal, in which the correlation kernel is given by 

K^(s,x;t,y) = <p dzp , s (z,x) [ dwpo tt (w, -V-ly) 

x-=^ n (l-^^)-Hs>t) Pt Ay, X ), (1.15) 

x'gsupp £ 

where r(£) is a closed contour on the complex plane C encircling the points in supp £ 
on the real line K once in the positive direction (Proposition 2.1 in [12]). In order to 
derive (1.15), we used the integral representations of multiple Hermite polynomials given 
by Bleher and Kuijlaars [2]. 

In the present paper, we assume £ G DJt preventing the initial configuration from 
having any multiple points. This restriction is only for simplicity of calculation. (Note 
that, if £ G 9JTo, the Cauchy integrals in (1.15) can be readily performed and the ex- 
pression (1.11) with (1.10) is obtained.) The fact that we would like to report here is 
that, although the theory of (bi-)orthogonal functions are very useful to analyze deter- 
minantal processes [12, 11, 13], it is not necessary to deriving the Eynard- Mehta-type 
determinantal expressions for multitime correlation functions. The essential point may 
be the extension of /i-transform to the conformal martingale of CBMs in the determinan- 
tal form deti<j ) j<^(K)[$^ i (Zj(-))], which we have named the CBM representation. In other 
words, the proof of Corollary 1.2 will provide a probability-theoretical derivation of the 
Eynard- Mehta-type correlation kernel. 



,( m ) 
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The CBM representation is indeed a non-trivial extension of /i-transforms, since it is 
valid also for infinite particle systems. For example, if £ G 9Jt is chosen so that 

= lim $£ nl _ LL] (z) finitely exists, (1.16) 

Um ^n[-L,L](^i(0) = in ^(P«), (1-17) 

and for any compact set if 

lim / e 02 (^)E4|^ nhL , L] (Z 1 (T))|,\/ 1 (T)Gif] 
= / e® 2 (dad«)E t , [|*|(^i(T))|,^i(T) G if] < oo, (1.18) 

</R 2 

then, also in the case = oo, (1.7) holds for any J-"(t)-measurable bounded function F 
which is determined by the behavior of particles in some compact set, and (1.8) is valid. 
Then we can obtain the convergence of moment generating functions ^ n [_ L L j [/] — > [/] 
as L — > oo, which implies the convergence of the probability measures Pgn[-L,L] — * ^ i n 
L — > oo in the sense of finite dimensional distributions. 

We give useful sufficient conditions of £ for (1.16), (1-17) and (1.18) which are exactly 
the same as the sufficient conditions for initial configuration introduced in [12] so that 
the Dyson model is well defined as a determinantal process even if £(M) = oo : For 
L > 0, a > and £ G ffl we put 

J[-L,L]\{0} & V[-L,L]\{0} Fl / 

and M(£) = limx,-^ M(£, L), M Q (£) = lim^oo M a (£, L), if the limits finitely exist. 

(C.l) there exists C > such that |M(£,L)| < Co, L > 0, 

(C.2) (i) there exist a G (1,2) and Ci > such that M a (f) < Ci, 
(ii) there exist /3 > and C 2 > such that 

Mi(r_ a 2f < 2 >) < C 2 (max{|a|, l})"' 3 Va G supp f . 



It was shown that, if £ G 9Jt satisfies the conditions (C.l) and (C.2), then (1.16) holds, 
and 



\®1(z)\ < Cexp 





z 


5({0}) 


a 


{c(\af + \z\ 9 )] 










a 




a — z 



, a G supp £, z G C, 



(1.19) 



for some c, C > and 9 G (maxja, (2 — (3)}, 2), which are determined by the constants 
Co, C\,Ci and the indices a, /3 in the conditions (Lemma 4.4 in [12]). We have noted that 
in the case that £ G 9Jto satisfies the conditions (C.l) and (C.2) with constants Co, C\, C2 
and indices a and f3, then £ fl [— L, L], VL > does as well. Hence, this estimation implies 
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(1.17) and (1.18) . Moreover, even if £(R) = oo, K 5 given by (1.11) with (1.10) is well- 
defined as a correlation kernel and dynamics of the Dyson model with an infinite number 
of particles (S(t),P^) exists as a determinantal process [12]. 

In order to demonstrate the usefulness of the CBM representations to characterize 
infinite particle systems, we show that the following estimate is readily obtained from the 
expression (1.7). Let Cq°(1R) be the set of all infinitely differentiable real functions with 
compact supports. 

Proposition 1.3 Suppose that the initial configuration £ G DJIq satisfies the conditions 
(C.l) and (C.2) with constants Co, C\, C 2 and indices a, (3. Then for any T > and if G 
Cg°(R) there exists a positive constant C = C(C , C\, C 2 , a, (3, T, ip), which is independent 
of s, t, such that 



E f 



(ip,Z(t)) - (ip,~(s)) 4 



<C\t-s\ 2 , Vs,te[0,T\. (1.20) 



By a criterion of Kolmogorov (see, for example, [7, 1]), Proposition 1.3 implies that the 
sequence of the process (S(t), Pgn[-L,L]), L G N is tight in C([0, oo) — > Tt). Then we can 
conclude the following. 

Theorem 1.4 Suppose that £ G DJl satisfies the conditions (C.l) and (C.2). Then the 
process (S(i), Pgn[-L,L]) converges to the process (S(t),P^) weakly on C([0, oo) — > 9JI) as 
L — )> oo. In particular, the process (H(t),Pg) has a modification which is almost- surely 
continuous on [0, oo) with 2(0) = £. 

Finally in the present paper, we show that the noncolliding property of the Dyson 
model with an infinitely many particles is obtained by using the CBM representations. 

Proposition 1.5 Suppose that the initial configuration £ G DJt satisfies the conditions 
(C.l) and (C.2) with constants C ,Ci,C 2 and indices a, (3. Then P^[S(t) G 0Jt , t > 
0]=1. 

In the following four sections, we give the proofs of Theorem 1.1, Corollary 1.2, Propo- 
sition 1.3, and Proposition 1.5, respectively. 



2 Proof of Theorem 1.1 



It is sufficient for the proof of Theorem 1.1 to consider the case that F is given as 
F(E(t)) = Y[f =1 gi{X(ti)) for M G N, < tj < ••• < t M < T < oo, with symmet- 
ric bounded measurable functions gi on M^ R \ 1 < % < M. We give the proof for the case 
with M = 2, i. e., for £ = £2 } 5 Ui , u = ( Wl , . . . , u m ) G Wf {R) 



E f [g 1 (X(t 1 ))g 2 (X(t 2 ))]=E u 



9l (y(ti))92(y(t2)) det {^(Z 3 (T))) 



(2.1) 
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The generalization for M > 2 is straightforward by the Markov property of Brownian 
motion as implied in the following proof. 

We use the fact that the Dyson model is obtained as the /i-transform of the absorbing 
Brownian motion in the Weyl chamber [6]. Put r = inf{t > : V(t) W^^}, 

then the LHS of (2.1) is given by 



E 



u 



l(r > t 2 )<7i(V(ti))<7 2 (V(t 2 )) 



h(u) 



E 



u 



l(T>t 2 )g 1 (V(t 1 ))g 2 {V(t 2 )) 



\KV(h))\- 



h(u) 
(2.2) 

For a finite set S, we write the collection of all permutations of elements in S as S(S). In 
particular, we express «S(I P ) simply by S p ,p £ N. Then by the Karlin-McGregor formula 
[8] (2.2) is given by 



E 



u 



sgn(a)^ 1 (V(t 1 ))lw- (R) (*(V(*i))) 



xE 



*(V(ti)) 



l(r >t 2 -ti)^2(V(t 2 -ti)) 



|fe(V(*2-ti))| 
/i(u) 



with cr(w) = (w^i), • • • , U(j(g(R))) for each permutation <r G <%r), in which all contributions 
from the paths with t < t\ are canceled out by taking the signed sum, J2a-es m) s S n ( <J ) 
1 w a (a(V(ti)))(-). Here the Markov property of Brownian motion has been used. The 

5(E) 

Karlin-McGregor formula is again used to realize the condition l(r > t 2 — ii) and the 
above is written as 



E 



u 



sgn(a)^ 1 (V(t 1 ))lw- (R) HV(ti))) 



xE 



(T(V(tl)) 



£ sgn^XV^ - ti))l w - R) (^(V(t 2 - ti))) 
£ Eufsgn^Vfa))^ (*(V(fi))) 



IMv(*2-ti))| 

h(u) 



xsgn(a')g 2 (V(t 2 ))l wtm (a~ V(V(f 2 ))) 



E 



7/ 



5i(V(ti))^ 2 (V(t 2 )) 



(2.3) 



Note that the average of gi(V(ti))g 2 (V(t 2 )) with positive weight \h(V(t 2 ))\/h(u) over the 
paths conditioned r > £ 2 in (2.2) is now replaced by that with signed weight h(V (t 2 )) / h(u) 
over all paths in (2.3). 

Then we use the equality (1.6) in (2.3). Note that V^t), l<i< f (R) and W^t), 1 < 
i < are independent. Then we can regard the probability space (Q,J r , Pv) as a 
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product of two probability spaces (£li,J-i,Pi) and (fi 2 , J~2, P2), and V^(t), 1 < 2 < £(R) 
are ^-measurable and < i < £(R) are JVmeasurable. We write E a for the 

expectation with P a , a = 1,2. Then 



E 2 [/i(Z(i))] =E 2 



det (Zj(t)) 

l<ij<C(») 



i-1 



det (E 2 [(Z j (i))- 1 ]), 



where we have used the independence of Zj(t), 1 < j ' < £(R), in the last equality. By the 
binomial expansion, E 2 [(Z j (t)) i - 1 } = G(Vj(t)) with G(x) = jy~J { i ~ 1 )E 2 \(^f^lW j {t)) i ~ 1 - p 
Since G(x) is a monic polynomial with degree i — 1, 



e 2 [mz(*))] =MV(0)- 

Combining (1.6), (2.3), (2.4) and the fact (1.5), we have (2.1). 

For the proof of (1.8) with M = 2, we first prove that for any JVi,JV 2 eN 



(2.4) 



E E « 

Jl,J2C%(R), 

BJi=Wi,p 2 =JV2 



X 



n n xtjx Jm (t m )) 

m=l j m €$m 



J2 J2 i(Jiuj 2 = i p 



p=max{A r i,7V 2 } Ji,J 2 Cl p , 

Pl=ATi,p 2 =iV2 



II II XtjV jm (t m )) det ^(Z^T)) 

m=l j m ej m 



• (2-5) 



Applying (2.1) with g m (x) = ^ J. 1 Xt m ( x j m ), m = 1, 2, we see that the LHS 

of (2.5) equals to 



5^ E « 



Jl,J 2 Cl£(R), 
Pl=iVi,ttJ 2 =iV2 



II II XtjV jm (t m )), det $^(^(T)) 

m=lj m £3 m 



E E 

p=max{JVi,JV 2 } Ji,J2C^(K),tt(JiUj 2 )=p, 
Pl=ATl,P 2 =AT 2 



E 



It 



n n x,jv iM )j^ 



>{Z 3 {T))} 



where we have used the fact (1.5) with $^(^(0)) = Then the RHS of the last 
equation coincides with the RHS of (2.5). By using relation 



ex P { Yl Yl ftm( x jJ } = \l II {XtJxjJ + 1} = J2 1.1 II Xt m {x jm ). 



m=lj m =l 



m=l j m =l 



Jl,J2C%(R) m=l j m Gj m 



the equality (1.8) with M = 2 is readily derived form (2.5). By the similar argument, 
(1.8) is concluded from (1.7) for any M > 2. ( 
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3 Proof of Corollary 1.2 

Since the Fredholm determinant (1.12) is explicitly given by (1.13) with (1.14), (1.8) in 
Theorem 1.1 implies that for proof of Corollary 1.2, it is enough to show that the following 
equality is established for any M e N, (N u . . . , N M ) e N M 



M 



N„ 



Ilm=l W JV m m=l 



N 



i=l 



ill 



xi m) ) I det 

l<i<N m ,l<j<N n 
Km,n<M 



E 

p=max m {JV m } 



E Mil 



Um = N m , 

Km<M 



\m=l 



X 



M 



n n xuvutm)) det 



$N^(T)) 



(3.1) 



If we take the summation of (3.1) over all < N rn < £(R), 1 < m < M, the LHS gives 
(1.13) with (1.14) and the RHS does (1.8). In this section we will prove (3.1). So in the 
following, we fix M e N, (N u . . . , N M ) e N M . 

Let iW = I Nl and I {m ^ = I E - 1 Nk \I E --i Nk ,2<m< M. Put iV = Y^ 7 =1 iV m and r< = 

J2m=i *ml(i e I (m) )> 1 < i < iV. Then the integrand in the LHS of (3.1) is simply written 
as lL=i Xni x i) deti< ij < A r[lK 5 (ri, xf, Tj,Xj)], and the integral L M _ w a ]lm=i rfa S(-) can 

be replaced by {11™= i ^rJ} -1 f RN dx(-). The determinant is defined using the notion 
of permutations and we note that any permutation a G Sn can be decomposed into a 
product of exclusive cyclic permutations. Let the number of cycles in the decomposition 
be £{a) and express o by o = C1C2 • • -Q^), where Ca denotes a cyclic permutation Ca = 
(c A (l)c A (2) • • -ca(<7a)), 1 < <?a < N, 1 < A < £(cr). For each 1 < A < £(a), we write the set 
of entries {c\(i)}jti of Ca simply as {ca}, in which the periodicity C\(i + q\) = c\(i),l < 
i < Qx is assumed. By definition, for each 1 < A < £(a), c\(i),l < i < q\ are distinct 
indices chosen from I N , and {c A } n {c y } = for 1 < A ^ A' < £(a), J2x=\ 9a = The 
determinant deti<jj<jv[lK^(rj, a^; Tj, x^)] is written as 

^2 ( - 1) N ~ e(a) nn^^W' Xc > w ' r ^ - ^ (i+i) ) 

crGSpf X=l 1=1 

= E(-i) Mff) nn{^(.,^( i+1 ,fe(.),^( 1+ i)) 



A=l i=l 



-lfr, 



( T ca« > r CA(jH-l))Pr CA(i+1) ,T CA(i) (^c A (i+l),2;c A (i))}, 



(3.2) 



where the definition (1.11) of the correlation kernel Kg is used. In order to express binomial 
expansions for (3.2), we introduce the following notations: For each cyclic permutation 
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c A , we consider a subset of {c A }, C(c A ) = jc A (i) G {c A } : r CAW > r CA ( i+ i)|. Choose M A 
such that {c A } \ C(c A ) C M A C {c A }, and define = {c A } \ M A . Therefore if we put 

G(C\, M A ) = { d ^ A (i) Xt caW (z Ca (^^ 

K» ? ^(m)) 1(cAWeMA) }, (3.3) 

the LHS of (3.1) is expanded as 



1_ £ JJ £ (-l)^G(c A , M A ). (3.4) 

1 lm=l iV «- CTG <Siv A=l {c A }\C(c A ) C M A C{c A } 



From now on, we will explain how to rewrite G(c A ,M A ) until (3.8). We note that if we 
set 

F({x cx(j) : c A (j) G M C A }) 
jR A ix A (i)eM A 

X II ^u+ij-^o-j^caO'+i)'^^)), (3.5) 

i:c A (i)GM A 

which is the integral over IR Ma , then (3.3) is obtained by performing the integral of it over 
K m a=1M\R m \ 

G(c A , M A ) = f 11 {dx CxU)X r cx(j) (x CxU) )}F({x Cx{j) : c x (j) G M C A }). (3.6) 

In (3.5), use the integral representation (1.10) for G Tcx(i) ,T cx(i+1) (xc x (i), x Cx (i+i)) by putting 
the integral variables to be v — u CA (i) and w = w Cx ( i+1 y We obtain 

F({x CxU) : c A (j) G M A }) 

= / M II ^( dv cx(i)) I II { dx c A (i)Po,r CA(i) (^ A «,a:c A (i))Xr CA(i) (a:c A (i))} 

JMMA i:c x (i)€M x JRMX i:c A (i)GM A 

X II {^ A (i+l)PO,r CA(l+1) (0,W CA ( i+ l))<I>^ AW (^ CA (i+l) + V^^c^i+l))} 



i:c A (fc)eM A 

x n ^ A 0'+i)' r c A 0) ( X c A (j+l)) x c x (j))- 



j:c x (j)eM 



X 
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n £( du c A (o)Ew 

i:c A (i)6M A 



i:c A (j)GM A 



X « € 



n {^ tt+1 ,,r eAW) (^o>i)(^o>i)).^oo) i(cx& ' +i)eMx) 

Using Fubini's theorem, (3.6) is given by 



x 

j:c x (j)&Ml 



[ n ^(^«) e « 

/nM x 

x J] < CA(<) (^( l+ i)(r CA (, +1) )) 

j:c A (j),c A (j+l)eM A 



II ^c AW (^ A (i)(r CAW )) 

j:c A (j)GM A 



X 



II { dX ^(Mr CxU) (Xc x (j))} 



ml 

j:c x (j)eMl 



i:c A (i)GM A ,c A (j+l)eM A 

x n ^ A (i+i)' T c A (i) ( Xc a0'+1)' X c A (j)) 



j:c A (j),c A (j+l)6M' 



A 



x JJ $^ w (x CA(m) + v / ^T^ CA(m) (r CA(m) )) 

j:c A (j)GM A ,c A (j+l)eM A 



(3.7) 



For each 1 < % < q x with c\(i) G M A , we define % = min{j > % : c x (j) G M A } and 
i = max{j < i : C\(j) G M A }. Then we perform integration over x Cx ^s for C\(j) G 
before taking the expectation E-y. That is, integrals over x Cx (j\s with indices in intervals 
i < j < i for all i, s.t. c A (i) G M A are done. For each i, s.t. c\(i) G Ma, if i < i — 1, 



r " A W 

i-l 



(^w(^w)) s n / 

< ^ 2 'C A (j)XT CA ( j ) (^c A (j)) ^ P-r CA ( i) ,T CA ( i _ 1) 



x n ^ CA ( fe ),- CA ( fc -i)( x ^(fc) ? a; CA (fe-i))^ CA(i) ( a; CA a+i) + v^w^a+i^r^+i))) 
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coincides with the conditional expectation of 



II Xr CA(j) (V; AW (r CA(i) ))<l>^ (i) (V; AW (r CA(i+1) ) + v /Z TH / CA (i+i)(r CA(i+ i))). 



j=i+l 



with respect to E<u[-|V^ A (j), W^d+i)]- Since Wi(-),i G {ca} are i.i.d. random variables 
which are independet ofV^-),^ G {c A }, K A (i)(^ CA (i+i))+v^^c A (i+i) (^c x (i+i)) has the same 
distribution as V r CAW (r CA(i+1) )+ v ^TW / " CAW (r CA(i+1) ) = Z cx{i) (r cxii+1) ). Since Ui:c x (i)eM x ®l 

^ (i) (Z cxCi) (r Cx{i+1) )) : (3.7) is equal to 



i:c x (i)eM x 



n n« 

j:c A (j)£M A U=i+i 



T c A (j) 



(^«( r C Aa))) $ ? AW (^ CA (o( r C A( J +i))) 



Using only the entries of Ma, we can define a subcycle C\ of Ca uniquely as follows: Since Ca 
is a cyclic permutation, q x = (JMa > 1. Let ii = min{l < % < q x : c x (i) G Ma}. If q~ x > 2, 
define = i,-, 1 < j < g^-l. Then = (c^(l)c^(2) • ••c x (q x )) = (c x (ii)c x (i2) • • -cfe)). 
Moreover, we decompose the set M A into M subsets, M A = Um=i ^i) ^y letting 



= J^(c A , M a ) = {c x (t) eM x :t< 3 j<t, s.t. c x (j) G I (m) }, 1 < m < 



M. 



Note that by definition n J„ t , 7^ 0, m 7^ m' in general, and J? = l Nl flM A = I Nl n {c A }, 



for 2 < m < M, n C for 1 < fc < m < M. Finally we arrive at 
the following expression of G(c x ,~M x ), 



/ n t( dv c^) e « 



■::c A (j)eM A 



M 



n n xtMjtj^^iz^iT)) 



i=l 



(3.8) 



where the martingale property (1.5) is used. Let M = Ua=i -^-a- Since N — X]a=i H-^-a 
(jM, the LHS of (3.1), which is written as (3.4), becomes now 



llm=l iv m- CTe<Sjv 



E E 



xE 



», ^ (-D ,M -' w / J n «*vx») 

%\Ui=i C(c a )cmcIa, R A=1 *:c A (i)eM A 

%) [ M qx~ 



A = l U=lj m £j* 



1=1 



(3.9) 



We define 5 = ci^ • • • and J m = Ufi} J* , 1 < m < M. Note that 1(d) = 1(a). 
The obtained (J m )£f =1 's form a collection of series of index sets satisfying the following 
conditions, which we write as <J({N m }% =1 ): 
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(C.J) Ji = I Nl , J m C I E - lNk for 2 < m < M, J m n I (fc) C J fc for 1 < k < m < M, 
and 

P m = N m for 1 < m < M. 



For each (J m )m=i G ^({^m}^), we put A = and A m = tt(J m nI E m-i = tf(J m n 
UITi 1 Jfc), 2 < m < M. Then, if we put M = jf =1 Jm, tfM = Em=i(^m - An), which 
means that from the original index set l N = \J™ =1 1 (m) with (jl (m) = iV m , 1 < m < M, 
we obtain a subset M by eliminating A m elements at each level 1 < m < M. By this 
reduction, we obtain a G «S(M) from er G <Sjv- It implies that, for all a G <S(M), the 
number of cr's in Sn which give the same a and (J m )^ =1 by this reduction is given by 



Um=l AJ, Wllere 01 = L Then ( 3 - 9 ) is eC l Ual to 



E 

M:max m {AT m }<BM<Ar (J m )M 



i07({tf m }£ =1 ) \m=l / Hm=l JV ™" 5eS(M) 

xtfM! / £® M (dv)E v 



ttM-£(5) 



n n fc(^(u)niK cj, "(V)m) 

m=l j m eJ m A=l i=l 



M 



M 



E E 

M:max m {iV m }<ttM<iV (J m )^ =1 Cj({N m }^ =1 ) \m=l 

M 



l(UJ» = M]«M!n^T 

m=l m ' 



X 



/ ^ M (^) 



E 



II II XtjV jm (t m )) det [^(Z,-(T))] 

.m=l j m €J m 



(3.10) 



Assume max m {iV m } < p < N, < A m < N m , 2 < m < M and set A\ = 0. Consider 



M 



m—1 



Ai 



'm) m -- 



=1 C J({A m }^ =1 ) : (J( |J J m ) = p, H(J m n |J J fc ) = An, 2 < m < M I , 



m=l 



fc=l 



M 



m—1 



A 2 = <^ (Jm)iLi : ttJm = A m ,l <m< M, |J J m = I P 4(J m n |J JJ fe ) = A m ,2<m<M[. 



m=l 



fc=l 



Since the CBMs are i.i.d. in P v , the integral in (3.10) has the same value for all (J m )^f =1 G 
A x with Um=i Jm = M and it is also equal to 



/ e p (dv)E v 



M 



II TI ^(^(O).det [^-(T))] 

m=l j m ej m 



for all (Jm)m=i G A 2 . In Ai, for each 2 < m < M, A m elements in J TO are chosen from 



Ufcli 1 Jfc' in which IKIXIi 1 Jfc) = J2T=i( N k - A), and the remaining A m - A m elements 
in J m are from l( m ) with p( m ) = JV m . Then 



im— 1 



MTl-1 



ill 



HA 1= n 



m=2 



ely^-a: 

Am. 



N 

N —A 

1 ' m ■ rl m 
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In A 2 , on the other hand, Ni elements in Ji is chosen from I p , and then for each 2 < 
m < M, A m elements in J m are chosen from {J™'^ Ik with (KLIpi. 1 h) = J2k=i ( N \~ A k) 
and the remaining N m — A m elements in J m are from I p \ (Jfc=i Jfc with (j(I p \ (Jfc=~i Jfe) = 

mh-1/ 



p-Er=7(^-^)- Then 

«^f;,)n 



Since ^(JV ra - A m ) = p, we see ^2/^1 = p! 11™=! AJ/iVJ. Then (3.10) is equal to 
the RHS of (3.1) and the proof is completed. | 



4 Proof of Proposition 1.3 

Suppose that the initial configuration £ e 9Jl satisfies the conditions (C.l) and (C.2) 
with constants C ,Ci,C 2 and indices Since Theorem 1.1 can be generalized to the 
case with an infinite number of particles, we see that the LHS of (1.20) is given by 



£ / e p (dv)B v 

p=l JKP 



det 

i&p 1 l<i,j<P 



*?(Z S (T)) 



with F 1 (xi) = x\, F 2 (x 2 ) = Sxjxl + 2xix 2 (xi + x 2 ) 2 , F 3 (x 3 ) = 2xix 2 x 3 (xi + x 2 + x 3 ) and 
^4(3*4) = X\x 2 x 3 x±. Then Proposition 1.3 is concluded from the following estimate. 

Lemma 4.1 Let {aj}f =1 be a sequence of positive integers with length p e N. Then for 
any T > and <p G C£°(R) there exists a positive constant C = C(C , C±, C 2 , a, (3, T, ip), 
which is independent of s, t, such that 



J 

Jm 



e p (dv)E v 



}J(m(t))-m(s))) Jet 

1=1 x ' 

< C\t-s\^ a ^ 2 , s,te [0,T]. 



(4.1) 



Proof. Choose L e N so that supp y? C [— L, L], and put y) = 0, if |x| > L 

and \y\ > L, and l L (x,y)=l, otherwise. By the Schwartz inequality the LHS of (4.1) is 
bounded from the above by 



/ 

Jm 



e p (dv)E v 



1=1 



xE 



v 



det 

l<i,j<P 



1/4 

£(7..(T\\\ I 



2a^ 



1/2 



E 



V 



]Jl L (V t (s),V t (t)) 



1/4 
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Since Vi(t), i G N are independent Brownian motions, E v [f|^ =1 (</?(V^(i)) — ip(Vi(s))) 2ai ] < 
Cl \ t - s \ZU"i and E v [l\ P i= i l L (Vi(s), V-(t))] < c 2 e- c '^=i s, * G [0, T], for some ci, c 2 , c' 2 , 
which are independent of s,t. And from the estimate (1.19) we have 



E 



v 



det 



*?(Z,-(T)) 



1/4 



< c 3 exp <^ c' 3 



for some C3, c' 3 , which are also independent of s, t, and 9 G (max{«, (2-/3)}, 2). Combining 



the above estimates with the fact that, for any c, d > 0, f R £,(d 



vie 



-c'\v[ 



< 00, which is 



derived from the condition (C.2) (i) and the fact 9 < 2, we obtain the lemma. 



5 Proof of Proposition 1.5 

Let r = inf{t > : E(t) £ Wl } and = inf{t > : Vi(t) 
(1.7), for any £ E Wl with £(R) G N, 



Vj(t)}. From the formula 



P. 



r < T 



< E 



7/ 



V 1(th<T) det (Z, T 

Ki<i<«M) 



l(ri2<T) det &V(Zj(T)) 

1<»J<2 L ? 



(5.1) 



Since # in (1.19) is strictly less than 2, and the constants and the indices in the conditions 
for the configurations £ fl [— L, L] can be taken to be independent on L > 0, 

hm ^V^W)) = ^ L fc (n,P„), 

holds for any /c G N. Hence, the inequality (5.1) holds for £ G 9Jto with the conditions 
(C.l) and (C.2). By the strong Markov property of CBM for v G 



E 



v 



Ifa <T) det $^(T)) 

1<«J<2 L s 



E 



l(r 12 < T)E z(n2) 



det [$-(Z,(T-r 12 ))j 



1<*J<2 



By the martingale property of <& v £(Zj(T)) we can apply the optional stopping theorem 
and see that the RHS of the above equation coincides with 



E 



v 



1(ti2 < T) 



del ; W(Z s (t 12 )) 

1<*J<2 s 



Ei 



l(r 12 < T)E 2 



det $-(Z,(r 12 )) 

1<*J<2 s 



xEi 



n 

> *v 

l(r 12 < T)E 2 



^i - v 2 " . \° - / V a - ^2 

aSsupp £\{di,u 2 } 



(W!(r 12 ) - W 2 (r 12 )) ] [ G(V k (r 12 ),W k (r 12 )) 



fc=l,2 
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where G(v,w) = Y[ae(\{v! v 2 }( a ~ v ~ V—^ w ), an d the fact that Vi(ti 2 ) = V 2 (ti 2 ) almost 
surely was used in the last equality. Since Wkiji 2 ),k = 1,2 are i.i.d. under P 2 , we have 



Eo 



(W 1 (t 12 ) - W 2 {r l2 )) n fe=1)2 G(V k (r 12 ), W k {r 12 )) 



0. This completes the proof. 
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